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Abstract

In a boundary-®tted orthogonal coordinate system, the general governing equations for steady and transient axi-

symmetrical cases of mass transfer in the external region around single buoyancy-driven drops in steady motion under

low or intermediate Reynolds number were expanded and numerically solved by the control volume formulation. The

simulation results for typical cases were presented and compared well with the data and empirical correlations in the

literature. It suggests that the developed mathematical formulation of the external mass transfer for a deformable

buoyancy-driven drop is reasonable, and may give reliable simulating results. The analysis of the mass transfer coef-

®cient against the detail of ¯ow near the drop interface shed light to the respective contribution of molecular di�usion,

convection and recirculating wake, as to provide information on the characteristic time scale of decaying Sherwood

number, and hence, to be valuable for analyzing and optimizing the solvent extraction operation. Ó 2001 Elsevier

Science Ltd. All rights reserved.
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1. Introduction

Liquid±liquid extraction is widely used for mass

transfer unit operation, in which the solute is trans-

ferred mainly between liquid drops (single drop or drop

swarm) and the second immiscible continuous phase.

This makes mass transfer to (or from) a single drop an

essential base for better understanding of liquid ex-

traction process and for scienti®c design of the equip-

ment. The mass transfer occurs in successive stages:

drop formation, motion through the continuous phase,

and coalescence of drops at the terminal interface. The

single drop mass transfer has been quanti®ed by means

of many experimental approaches, but theoretical in-

vestigation remains rather di�cult due to the transient

nature of drop formation and associated mass transfer

as well as the in¯uence of many relevant factors as

pointed by Clift et al. [1]. The steady buoyancy-driven

motion of a single drop in an in®nite immiscible liquid

medium is the easiest target to be tacked theoretically.

Considering the complexity of extraction process and

the di�culties involved in experimental measurement,

many researchers have tried to develop general models

and correlations based on experimental data and sim-

pli®ed analytical solution so as to predict the rate of

mass transfer during drop movement. Unfortunately, it

seems no satisfactory model has been developed suc-

cessfully which may be applied in a reasonably wide

range of the drop Reynolds number. In view of the

situation, numerical simulation of mass transfer to

liquid drops by computational ¯uid mechanics (CFD)

has gained progressive popularity in recent years (e.g.

[2,3]).

The process of mass transfer is simulated numerically

starting from hydrodynamics of a single drop moving

steadily in an in®nite immiscible ¯uid medium. Ryskin

and Leal simulated the steady buoyancy-driven motion

of a deformable bubble with intermediate Reynolds
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numbers by the stream function±vorticity formulation in

an orthogonal boundary-®tted coordinate system [4].

Ryskin and Leal [5] proposed an e�cient technique for

numerical generation of body-®tted orthogonal grids in

both internal and external domains of a liquid drop. The

technique was later extended to the case of a liquid drop

with considerable deformation by Dandy and Leal [6].

The above-mentioned studies were carried out by ®nite

di�erence method (FDM). The present authors were

encountered with technical di�culty of accurate en-

forcement of the remote boundary conditions, they

found that suitable designation of the distortion func-

tion would be very important. A reasonable sample of

such a distortion function was presented and a plausible

explanation of better numerical accuracy was suggested

[7,8]. Miksis et al. [9], Haywood et al. [10,11] also

studied the motion of a bubble or drop in an in®nite

¯uid medium by FDM. Wham et al. [12] examined the

wall e�ect on the ¯ow structure and drag coe�cient

related to single drops under intermediate Reynolds

number in a tube using FEM. Tomiyama et al. [13] in-

vestigated the steady motion of single bubbles under

laminar conditions using the volume of ¯uid (VOF)

method. Recently, the level set method was more often

resorted to capture the topological behavior of bubbles

and drops [14]. Lu and Chang [15] used the boundary

element method to study the motion of a large bubble in

a vertical tube. Moreover, the adaptive mesh can be

adopted to improve the interface tracking technique

[16].

Mass transfer between a moving single drop and the

continuous phase is a topic of common interest for dif-

ferent technical applications. Haywood et al. [10,11]

simulated transient evaporation of fuel drops and heat

transfer under the typical conditions of spraying

evaporation using the ®nite-volume formulation on a

non-orthogonal grid. Comer and Kleinstreuer [17]

investigated numerically the heat transfer from oblate

spheroidal fuel drop with ®xed aspect ratio in a tube by

the FEM. In a conference paper, Li et al. [7] presented a

preliminary report on the simulation of external mass

transfer from the continuous phase to single drops in

two extraction systems dominated by mass transfer

resistance in the drop exterior.

Nomenclature

c concentration in continuous phase

(mol/m3)

C dimensionless concentration in

continuous phase

D cell di�usive ¯ux, dimensionless

D molecular di�usivity of solute (m2/s)

f distortion function

e general unit vector along a coordinate

axis

F cell convective ¯ux, dimensionless

hn; hg scaling factor (m)

Hn;Hg dimensionless scaling factor

k mass transfer coe�cient (m/s)

N molar ¯ux (mol/m2 s)

P cell Peclet number in Eq. (30)

(dimensionless)

Pe Peclet number for mass transfer,

2RU=D

R volume-equivalent drop radius (m)

Re Reynolds number, 2RUq=l
(dimensionless)

Sc Schmidt number, l=qD (dimension-

less)

Sh Sherwood number, 2Rk=D

(dimensionless)

t time (s)

u velocity component (m/s)

U terminal velocity (m/s)

We Weber number, 2RU 2q=r
(dimensionless)

x; y coordinate in physical plane

X ; Y dimensionless coordinate

Greek symbols

aa fraction of surface active in mass

transfer in Table 1

b adjusting factor

f relative density q2=q1

h dimesionless time, tU=R
k relative viscosity l2=l1

l viscosity (Pa s)

n; g coordinate in computational plane,

06 n; g6 1

q density (kg/m3)

s0:9 characteristic decay time (Sh dropped

by 90%)

w stream function (dimensionless)

x vorticity (dimensionless)

Subscripts

1 drop

2 continuous phase

n; s; e;w cell face label

N; S;E;W;P node label

Superscripts

0 previous time step

1 remote boundary

S drop surface
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In this paper, detail on the simulation of steady-

state mass transfer dominated by the external resistance

for signi®cantly deformed single drops are presented.

The numerical results were compared with the earlier

data of Su et al. [18]. Numerical experiments were

conducted on the e�ect of physical properties of the

extraction system, and the mechanism underlying the

in¯uence is explored by analyzing the detailed local

mass transfer along the interface. The transient be-

havior of external mass transfer has been investigated

for typical cases relevant to practical solvent extraction

systems.

2. Boundary-®tted coordinate transformation and ¯uid

¯ow

The steady buoyancy-driven motion of a falling drop

is time dependent, but it becomes steady state as the

reference frame is attached onto the falling drop as de-

picted in Fig. 1. In this case, the liquid motion inside

and around the drop will be governed by the non-

dimensional Navier±Stokes equation

u � ru � ÿ 1

2
rp � 2

Re
r2u; �1�

where u is the non-dimensional velocity vector and p the

dynamic pressure. It should be noted that Eq. (1) is non-

dimensionalized with the drop radius, the physical

properties of the continuous phase and the drop termi-

nal velocity. When the steady ¯ow ®eld related to the

drop is solved, the information contained in the ¯ow

®eld is further used to solve the steady or unsteady mass

transfer from the continuous phase to the drop.

2.1. Boundary-®tted coordinate system

The buoyancy-driven motion of a single drop

(disperse phase) in an in®nite quiescent immiscible

liquid phase (continuous phase) may subject to sig-

ni®cant deformation, and therefore, its simulation is

associated with geometric complexity of the solution

domain. An orthogonal curvilinear coordinate system

is bene®cial to the numerical solution of drop motion

and subsequent mass transfer. The covariant Lapla-

cian Eq. (2) are utilized to transform the physical

domains inside and outside a liquid drop into a unit

square in the computational plane �n; g� as indicated

in Fig. 2. Orthogonal mapping was carried out by the

methods proposed by Ryskin and Leal [5]. The partial

di�erential equations for orthogonal transform would

be

o
on

f
ox
on

� �
� o

og
1

f
ox
og

� �
� 0;

o
on

f
oy
on

� �
� o

og
1

f
oy
og

� �
� 0

�2�

and the distortion function for a ®nite external domain

is given as [19]

f n; g� � � p
b

1� ÿ 0:5cospg�; �3�

which de®nes the ratio of scaling factors in the n and g
directions and symbolizes the aspect ratio of a cell in the

physical (x, y) plane:

f n; g� � � hg

hn
; �4�

hn �
�������������������������������������

ox
on

� �2

� oy
on

� �2
s

;

hg �
�������������������������������������

ox
og

� �2

� oy
og

� �2
s

:

�5�

The scaling factors hn; hg are also called the Lam�e co-

e�cients, and b is an adjusting factor to decide the size

of external domain. With proper boundary conditions

relating the physical domains and the computational

domain, the numerical grids are generated by solving

Eq. (2) by FDM. When a drop is gradually converged to

its equilibrium shape in the course of simulation, the

grids must be refreshed iteratively to be adapted to the
Fig. 1. Sketch of a single liquid drop moving in the ¯uid

medium with the reference frame attached to the falling drop.
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shape change. The details can be referred to Ryskin and

Leal [5] and Li [3].

2.2. Simulation of ¯uid ¯ow

A drop moving steadily at the terminal velocity U in

an in®nite immiscible liquid medium may be formulated

in the coordinate system ®xed on the drop with the

following assumptions:

1. Two ¯uids are viscous, incompressible and Newton-

ian.

2. Flow in both phases is laminar, steady state and axi-

symmetric.

3. The system is not contaminated by surfactant and the

surface tension at the liquid±liquid interface remains

constant.

The dimensionless form of Navier±Stokes equations

for axisymmetric ¯uid ¯ow of a buoyancy-driven single

drop in terms of stream function and vorticity (with

subscript 1 denoting the external domain and 2 for the

drop interior) could be written as

L2
1 Y1x1� � ÿ Re1

2

1

Hn1
Hg1

� ow1

on1

o
og1

x1

Y1

� ��
ÿ ow1

og1

o
on1

x1

Y1

� ��
� 0; �6�

L2
1w1 � x1 � 0; �7�

L2
2 Y2x2� � � Re2

2

1

Hn2
Hg2

� ow2

on2

o
og2

x2

Y2

� ��
ÿ ow2

og2

o
on2

x2

Y2

� ��
� 0; �8�

L2
2w2 � x2 � 0; �9�

L2 � 1

HnHg

o
on

f
Y

o
on

� ��
� o

og
1

fY
o
og

� ��
: �10�

Numerical solution of Eqs. (6)±(9) under suitable

boundary conditions gives the external and internal

¯ow ®elds and the ¯ow parameters relevant for subse-

quent numerical simulation of interphase mass transfer.

The details of numerical solution of ¯uid ¯ow can be

referred to that reported by Dandy and Leal [6] and Li

et al. [8].

3. Numerical simulation of mass transfer to/from a liquid

drop

3.1. Formulation

The typical situation of mass transfer to a drop is

that a deformable drop rises or falls steadily at the ter-

minal velocity U in an immiscible liquid medium is re-

ferred to Fig. 1, and for a liquid drop under low/

intermediate Reynolds number, the following additional

assumptions would be reasonable and generally justi®ed:

1. The physical properties of ¯uids and ¯ow structure

are not in¯uenced by the concentration of solute to

be extracted, thus the solution of convective di�usion

equation for both phases is uncoupled from the solu-

tion of liquid ¯ow.

2. Thermodynamic equilibrium exists for the solute

between phases at the interface, i.e. no interfacial re-

sistance to mass transfer. When mass transfer resis-

tance is dominated by the continuous phase, the

interfacial concentration will be approximately equal

to zero for very large value of the distribution coe�cient

of solute between drop and the continuous phase.

For the case with constant physical properties of both

liquid phases, including that on the interface, the solu-

tion for mass transfer would be decoupled from the

problem of ¯uid ¯ow. Thus the information of the ¯ow

®eld, required for solution of convective di�usion

problem, can be provided directly from the numerical

simulation of steady-state ¯uid ¯ow. In this aspect, the

computer simulation of the buoyancy-driven single

Fig. 2. The correspondence of exterior and interior of a deformable drop with the computational domain: (a) external domain;

(b) drop interior; (c) unit square in �n; g�.
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drops was conducted previously [8] as the basis for nu-

merical simulation of mass transfer to/from the liquid

drop.

In general, the transient mass transfer to/from the

drop is governed by the convective di�usion equation in

the vector form:

oc
ot
� u � rc � Dr2c: �11�

The expanded form of the Laplacian operator in a

general curvilinear coordinate system will be

r2 � 1

h1h2h3

o
ox1

h2h3

h1

o
ox1

� ��
� o

ox2

h3h1
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h1h2
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o
ox3
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and the Hamilton operator is

r � e1

1
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o
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� e2

1

h2

o
ox2

� e3

1

h3

o
ox3

;

where h1; h2; h3 are the Lam�e coe�cients in the x1; x2; x3

directions of the generalized curvilinear coordinate sys-

tem. Hence, Eq. (11) reads
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For two-dimensional axisymmetric ¯ow with x3 be-

ing the azimuthal angle around the axis of symmetry /
as indicated in Fig. 1, let x1 and x2 being coordinates n
and g, respectively, in a boundary-®tted orthogonal

reference frame, the correspondence between the Lam�e
coe�cients is as follows:

h1 ! hn; x1 ! n

h2 ! hg; x2 ! g

h3 ! h/ � y; x3 ! /:

The detail on selecting a coordinate system is referred to

Ryskin and Leal [4,5] and Li et al. [8], notice that h3 � y,

which is the local distance to the axis of symmetry,

Eq. (12) can be reduced to the form
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ot
� un

hn

oc
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Using c1, R and U as the non-dimensionalizing factors,

Eq. (13) could be non-dimensionalized to

Pe
2

HnHgY
� �

oC
oh
� Pe

2

o
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ÿ ow
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C
�
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on

C
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� o
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f Y
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Y
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og
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Here, the liquid ¯ow velocity components necessary for

Eq. (13) are calculated from the stream function w in the

external left-handed (n,g) coordinate system by

Un � ÿ 1

YHg

ow
og
; Ug � 1

YHn

ow
on

�15�

that was resolved in the ®rst phase of the simulation and

is incorporated into Eq. (14). Pe � 2RU=D is the Peclet

number and represents the relative magnitude of con-

vection to molecular di�usion. It is known from the

numerical simulation of liquid ¯ow in a drop that 4

other non-dimensional parameters, Re, We, k and f,

govern the ¯uid ¯ow inside and outside the drop with

free interface. They exert in¯uence on mass transfer

through their e�ect on ¯ow structure, intensity of con-

vection and shear in the ®eld.

3.2. Initial and boundary conditions

For the situation of mass transfer dominated by the

external resistance, the partition coe�cient of solute

between the drop and the continuous phase is rather

large, so that the solute concentration in the drop and at

the surface can be reasonably assumed to be zero during

the extraction. Considering that the concentration of

solute at the remote boundary far away from the drop

may be maintained at a constant c1, the mass transfer

to/from the drop will eventually approach a steady state

as the mass transfer proceeds. If only the steady solution

is of interest, the partial derivative with respect to time

could be dropped from Eq. (14) and the initial condition

becomes irrelevant. Thus, the following initial and

boundary condition may be assumed for mass transfer

from the continuous phase to drops (mass transfer di-

rection c! d):

C n; g; 0� � � 0 at h � 0; �16�

C 1; g; h� � � 0 at the drop surface; n � 1; �17�

C 0; g; h� � � 1 at the remote boundary; n � 0; �18�

oC
og
� 0 on the axis of symmetry; g � 0; g � 1: �19�

3.3. Mass transfer coe�cient

The local di�usive ¯ux Nloc is de®ned and expressed

with the local mass transfer coe�cient, kloc, as
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Nloc � ÿD

hn

oc
on

����
n�1

� kloc c1
ÿ ÿ cS

�
: �20�

Since the surface concentration cS and the initial con-

centration in the drop are assumed to be 0, the mass

transfer coe�cient may be expressed in terms of di-

mensionless concentration gradient as

kloc � ÿ D

RHn

oC
on

����
n�1

: �21�

Then, the local Sherwood number is

Shloc � 2Rkloc

D
� ÿ 2

Hn

oC
on

����
n�1

�22�

and the drop surface area average Sh reads

Sh � ÿ 2
R 1

0
f Y �oC=on�jn�1dgR 1

0
YHg dg

: �23�

3.4. Method for numerical solution

To solve Eq. (14), the control volume formulation

described by Patankar [20] was adopted, with the con-

vective term discretized by the power-law scheme.

Multiply Eq. (14) by dndgdh and integrate over a

control volume DnDg as depicted in Fig. 3 and the time

interval Dh, an algebraic equation for the central node P

involved with 4 neighboring nodes N, S, E and W in the

form of

aPCP � aECE � aWCW � aNCN � aSCS � b �24�

is resulted, in which the coe�cients are

ai � DiA Pij j� � � k ÿ Fi; 0k; i � N;E

ai � DiA Pij j� � � Fi; 0k k; i � S;W
�25�

and the function A(x) is de®ned as

A x� � � 0:0; 1:0�

 ÿ 0:1x�5

; �26�

where the operator �k k stands for selecting the maxi-

mum from all the arguments.

b � a0
PC0; �27�

a0
P �

Pe
2
�HnHgY �P

DnDg
Dh

; �28�

aP � aE � aW � aN � aS � a0
P �29�

with C0 denoting the concentration of solute at the be-

ginning of the present time step.

According to the power-law scheme, the cell Peclet

number is de®ned as

Pi � Fi=Di; i � n; s; e;w; �30�

Fi �
�
ÿ Pe

2

ow
og

Dg

�
i

; i � e;w

Fi � Pe
2

ow
on

Dn

� �
i

; i � n; s

�31�

Di � f Y� �i
Dg
dni

; i � e;w

Di � Y
f

� �
i

Dn
dgi

; i � n; s;

�32�

where Fe; Fw; Fn; Fs are convective ¯uxes through faces

e;w; n; s, and De; Dw; Dn; Ds are corresponding di�u-

sive ¯uxes. This di�erencing scheme is of ®rst-order ac-

curacy in the time domain, and the spatial accuracy is

shifted from second order at P ! 0 gradually to ®rst

order as P increases above 10.

To select the proper spatial mesh density and size of

time step to assure the accuracy of numerical simulation

of time-dependent mass transfer, Li [8] conducted

several numerical tests. Referring also to the results by

Mao and Chen [19], an 81 ´ 81 spatial grid was su�-

ciently large and used later in all the numerical solution

of ¯uid ¯ow and mass transfer for a compromise be-

tween the numerical accuracy and e�ciency. For the

simulation of transient mass transfer considered in this

work, the dimensionless Dh below 0.01 was enough to

achieve the independence of solution from the time step

size. The criterion for the convergence of steady-state

solution of mass transfer is the relative change of Sh

between successive iterations drops below 1 ´ 10ÿ6.Fig. 3. Stencil of the discretization over a control volume.
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For the limiting case of Pe ® 0 of a spherical drop

with Re � 2:2, k � 1:0, f � 1:1, numerical simulation

gives a result of Sh � 2:0174, very close to the analytical

solution of Sh � 2:0. This may con®rm the validity of

the present method for simulation.

4. Simulation results and discussion

As compared with the empirical correlation of ex-

ternal mass transfer for liquid drops with intermediate

Reynolds number developed for the case of Re > 70 and

k < 2 by Harper and Moore [21],

Sh � 2���
p
p 1

�
ÿ 1

Re0:5
2:89
ÿ � 2:15k0:64

��0:5

Pe0:5; �33�

good agreement in the range of 0.1 < Pe < 2000 is evi-

denced in Fig. 4. When Pe is very large, the transport is

dominated by convection, this may lead to very large

concentration gradient at the surface. Since the mesh

density is limited at the interface, the large gradient of

concentration as D ® 0 is not accounted for with su�-

cient accuracy, and hence, the discrepancy becomes

obvious at high Pe region.

E�ort is also made to simulate the experimental data

by Su et al. [18] and the comparison in the range of

55 P Re P 380, 0.07 6 We 6 1.35, 1.01 6 k 6 2.07,

1.20 6 f 6 1.59, 4.0 ´ 104 6 Pe 6 3.9 ´ 105 is rather

satisfactory as shown in Fig. 5. Su et al. experimentally

measured the mass transfer coe�cients for drops of or-

ganic phase settling in water in the carbon tetrachloride

(drop)±iodine (solute)±water (continuous phase) (ab-

breviated as A-IV), carbon tetrachloride (d)±o-nitro-

phenol (s)±water (c) (A-I) and nitrobenzene (d)±iodine

(s)±water (c) (A-III) systems with the purpose to extend

the applicability of literature correlations for external

drop mass transfer. Since the distribution coe�cients

are far above 1, the mass transfer can be considered as

steady and dominated by mass transfer resistance in the

continuous phase. The deviation of simulated results

from Su's empirical correlation is considered due to the

fact that Su's correlation was based on a large collection

of data including oscillating and/or surfactant-contam-

inated drops. Fig. 6 shows that the simulation is in better

agreement with Thorsen's empirical correlation [22] for

they paid enough attention to prevent the possible in-

terference of surfactant to the measurements as having

been reminded by many previous reports. Unfortu-

nately, large Reynolds number induces unsteady motion

of drops (zig-zag motion and shape oscillation), making

the current numerical simulation fail for such cases. The

current prediction of external mass transfer rate is also

in good agreement with the correlation by Garner et al.

[23], who carried out experiments on circulating drops in

binary systems by the Colburn±Welsh method. The

comparison with the Garner correlation has been re-

ported by Li [3], which also supports the present nu-

merical simulation in extraction systems.

Fig. 4. Comparison of the numerical prediction (We � 4:0,

k � 1:1, f � 2:0) and empirical correlation by Harper and

Moore [21].

Fig. 5. Comparison of the prediction and Su's correlation

Sh � ÿ325� 1:45Re1=2Sc1=2 [18].

Fig. 6. Comparison of the prediction and Thorsen correlation

Sh � ÿ178� 3:62Re1=2Sc1=3 [22].
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Figs. 7 and 8 present the ¯ow ®eld and the con-

centration contour lines for drops with di�erent ¯ow

parameters. They indicate that a wake behind the drop

appears when the Reynolds number is large enough, but

since the Weber number is small, the shape of the drop is

still quite spherical. However, a circulating wake pro-

motes the convection of continuous phase in the region

around the rear stagnant point and this makes Sh in-

crease signi®cantly with the increase of Re. The in¯uence

of wake on external mass transfer may also be visualized

by the distortion of concentration contour lines around

the rear stagnancy occurred at higher Reynolds num-

bers. Garner and Skelland [24] realized that eddy for-

mation at the drop rear may be the main cause of error

to correlation of interdrop mass transfer but failed to

present convincing evidence. It seems that the numerical

simulation of motion and mass transfer for a deformed

drop may shed light to the contribution of circulating

wake to the external mass transfer as given in the latter

part of this section.

Fig. 9 presents the in¯uence of Re on the concen-

tration pro®les of steady-state mass transfer for drops

with Sc � 10 and We � 4. The upper half is the con-

centration contour map and the lower part is the

streamline drawing. As shown, the concentration con-

tour lines are swept to the downstream direction as Re

increases. The convection at the drop nose promotes the

transport of solute to the drop, making the contour lines

compressed spatially, whereas the convection transports

solute against the mass transfer by molecular di�usion in

the wake, making the contour lines spreading sparsely.

As the circulation in the wake develops and becomes

strong enough, the concentration contour lines become

more and more distorted, and so, a special ¯ow structure

is formed.

It is interesting to note the detail of the ¯ow and

concentration ®elds near the interface for the three

cases of drops as described in Fig. 9, the distribution

of interfacial shear and the local mass transfer coe�-

cient along the drop surface are plotted against a in

Fig. 7. Concentration and stream function contour of a drop

with lower Reynolds number: Re � 55:5; We � 0:07; k �
2:07; f � 1:20; Pe � 3:9� 104.

Fig. 8. Concentration and stream function contour of a drop

with higher Reynolds number (Re � 378:4; We � 1:32; k �
1:01; f � 1:59; Pe � 2:7� 105).

Fig. 9. In¯uence of Re on the ¯ow structure and concentration

pro®le around the drop. The upper part is of concentration

pro®les and the lower streamlines (We � 4:0; k � 5:0; f � 2:0;
Sc � 10:0).
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Fig. 10. a is de®ned as the angle spanned from the

drop nose to a surface location with respect to the

drop center and normalized by p. The local Sherwood

number at the nose �a � 0� is, in general, much higher

than that in the rear or wake region (a approaching 1).

The convection becomes dominating as Re is increased,

the di�erence enlarges gradually, meanwhile the aver-

age Sh increases too (see Table 1). When a recircu-

lating vortex appears in the wake in Fig. 10(c) with

Re � 100, the local value of Shloc ®rst drops down as

usual, and then increases slightly as the rear stagnant

point is approached. This is easily understood in view

of the ¯ow structure depicted in Fig. 9, where the

strengthened circulation in the wake for case (c) helps

the convective di�usion. The sparse distribution of iso-

concentration contour lines around the seperation

point illustrates the same information of lower value of

Shloc. It is noticed that on the pro®les of local Sher-

wood number the minimum values are very close to 2,

which is the lowest value of Sh at Re � 0 when the

external mass transfer is entirely due to molecular

di�usion.

The mass transfer is related to the ¯ow structure as

documented in Table 1. If the active mass transfer zone

is de®ned by the angle, aa, spanned from the drop nose

to the point de®ned by

Shloc�0� ÿ Shloc�aa� � 0:5�Shmax ÿ Shmin�;
it is observed that aa decreases slightly with increasing

Re. This suggests that the nose region becomes more

active and contributive to mass transfer than the rest of

interface. When the recirculation in the wake becomes

intensive, aa starts to increase slightly, making only

minor contribution to the overall mass transfer rate. The

mass transfer contributed by the wake behind the sep-

aration point was considered as a separate factor in the

correlation of external mass transfer rate. It was rep-

resented by the last term in Eq. (34), suggested by

Kinard et al. [25], added to the respective terms for ra-

dial di�usion (the ®rst term in the right-hand side),

natural convection Shn (the second term) and the forced

convection at the forward part of the drop surface (the

third term):

Sh � 2:0� Shn � 0:45Re0:5Sc1=3 � 0:00484ReSc1=3: �34�

From Figs. 10(b) and (c), the pseudo-separation points

may be de®ned by zero interfacial shear rate, and the

percentage of the wake mass transfer in the total forced

convection is estimated from the numerical simulation

to be 95.2% and 95.5%, respectively, for cases (b) and

(c). These ®gures are only in qualitative agreement with

the observations cited by Kinard et al. [25].

It is easy to investigate the e�ect of relevant physical

parameters on the average Sh by means of numerical

Fig. 10. Pro®les of interfacial shear and local mass transfer

coe�cient along the drop surface for drops in Fig. 9.

Table 1

Mass transfer coe�cient and the fraction of active zone of mass

transfer for drops depicted in Figs. 9 and 10

Re Sh Shloc;min Shloc;max aa

0.5 3.583 2.984 5.440 0.574

5.0 6.638 2.241 11.992 0.549

50 18.310 2.153 43.687 0.457

100 30.121 2.550 70.670 0.470
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experimentation. Fig. 11 shows that the average Sh in-

creases along with Pe at di�erent Reynolds numbers.

When Pe is small, the mass transfer is dominated by

molecular di�usion, Sh is thence very close to the lower

limit of Sh � 2. However, Re plays a signi®cant role in

promoting the rate of mass transfer when Pe is large,

since the convective transport controls the rate process

in this case. It should be kept in mind that when in-

terpreting mass transfer for a given extraction system,

Sc is predescribed as a constant, where Re and

Pe (�ReSc) work in a synchronous way, higher Re

indicates stronger convection and higher mass transfer

rate.

Fig. 12 shows the in¯uence of Pe on the concentra-

tion pro®les under the condition of the same ¯ow

structure (i.e., with a ®xed value of Re). For the case

with Pe! 0 as depicted in Fig. 12, the molecular di�u-

sion dominates and the concentration pro®les become a

set of concentric semicircles, the concentration ®eld is

exactly the same result from analytical solution:

Sh � 2:0. The concentration pro®les become unsym-

metrical as Pe increases. When Pe becomes very large,

the surface area actively involved with the mass transfer

shrinks gradually, and then, the convection plays a more

signi®cant role for the mass transport in the wake re-

gion. Fig. 13 presents the situation with a circulating

wake, and it seems that the larger the value of Re, the

more severely distorted for the concentration pro®les.

This suggests that convective mass transfer does play an

important role and display certain e�ect on the surface

mass transfer.

Fig. 14 presents the relationship of Pe vs. Sh under

di�erent values of We. It is suggested that We shows

some e�ect on the external mass transfer as Pe > 1000.

The transient mass transfer to a liquid drop is also

simulated and the temporal evolution of concentration

pro®les is presented in Fig. 15. As time goes on, the low

concentration region (wide spread of concentration

contour lines) stretches roughly from the ¯ow separation

point, the circulating eddy is actually detached from the

drop with mobile interface, and there is no de®nite

separating point on the drop surface in a rigorous sense.

As observed from Figs. 8, 9 and 13, all the recirculation

zones are detached from drops in coincidence with that

of Dandy and Leal [6]. The supply of solute is su�cient

to suit the higher local mass transfer coe�cient around

the drop nose in the upstream region due to strong

upstream convection. In the wake, solute supply is lim-

ited by rather closed ¯ow recirculation but the depletion

of solute is also limited since relatively weak convection

and lower local interfacial mass transfer rate. Thus the

Fig. 11. Sh for single drops in laminar ¯ow regime as a function

of Pe with di�erent Reynolds number (We � 4:0; k � 5:0; f �
2:0).

Fig. 12. The in¯uence of Pe on the concentration pro®les

around the liquid drop (Re � 2:20, k � 1:0, f � 1:1).
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rapid local depletion of solute becomes prominent only

in the region around the point of ¯ow separation. In the

case under investigation, there is a large circulating wake

for Re � 100 as shown in Fig. 9(c).

For the drops described in Table 1, the temporal

decay of instantaneous Sherwood number calculated

from simulation is displayed in Fig. 16. Since the cases

under investigation is with constant Sc, the increase in

Re means the progressive dominance by convective

mass transfer and suppressed the contribution of mo-

lecular di�usive transport. Hence for the case of

Re � 0:5, it is predominantly controlled by di�usion and

the steady-state mass transfer would be reached quickly,

while for the case of Re � 100, it is convective transport-

dominated and Sh approaches very slowly to its steady-

state value. It can be noticed from Fig. 16 that the

temporal decay of mass transfer coe�cient decreases as

it approaches the steady-state value. A method is

adopted to take the time needed for temporal Sh to

decrease by 90% of its total decay in magnitude as

the characteristic decay time, s0:9. Fig. 17 shows the

Fig. 16. Typical transient behavior of overall mass transfer

coe�cient of single drops (We � 4:0; k � 5:0, f � 2:0, Sc� 10).

Fig. 15. In¯uence of mass transfer on the concentration pro®les

around the drop (Re � 100:0; We � 4:0, k � 32:0, f � 8:0,

Pe� 1000).

Fig. 14. External Sh for single drop in laminar ¯ow regime as a

function of Pe and We (Re � 150:0, k � 5:0, f � 2:0).

Fig. 13. In¯uence of Pe on the concentration pro®les around

a liquid drop with wake (Re � 150:0, We � 2:0, k � 5:0,

f � 2:0).
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variation of the decay time with Pe at two typical values

of Re. It is observed that the higher D (i.e. lower value

of Pe) demands less time to approach the steady state of

external mass transfer, and more intensive convection

(higher value of Re) is favorable to this transition. The

large variation of this characteristic decay time suggests

that the drops in extraction equipment should be re-

generated at suitable rate so that their life time is close

to s0:9 in order to achieve higher extraction rate

at economical expense of agitation power for drop

coalescence and redispersion.

5. Conclusions

In a boundary-®tted orthogonal coordinate system,

the general governing equations for steady and tran-

sient external mass transfer to axisymmetrical single

buoyancy-driven drops in steady motion were ex-

panded and numerically solved by the control volume

formulation. The numerical simulation for typical cases

in low and intermediate range of Reynolds number

were presented and compared well with data and em-

pirical correlations in literature. It makes clear that the

mathematical formulation of the external mass transfer

for a deformable buoyancy-driven drop and the nu-

merical procedures developed in this work can be

considered as reasonable. The analysis of the mass

transfer coe�cient shed light to the respective contri-

bution of molecular di�usion, convection and recircu-

lating wake. The Peclet number will be the major

factor controlling the external mass transfer, followed

by Reynolds number and Weber number. The simu-

lation of transient external mass transfer and the

analysis of the characteristic time scale of decaying

instantaneous Sherwood number show that the Peclet

number plays a more signi®cant role than the Reynolds

number.
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